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Abstract 

We find the static vortex solutions of the model of Maxwell-Chern-Simons gauge 
field coupled to a (2+1) -dimensional four-fermion theory Especially, we introduce two 
matter currents coupled to the gauge field minimally: the electromagnetic current and 
a topological current associated with the electromagnetic current. Unlike other Chern- 
Simons solitons the N-soliton solution of this theory has binding energy and the stability 
of the solutions is maintained by the charge conservation laws. 



Various field theories which include Chern-Simons terms in (2+l)-dimensions are 
found to admit interesting classical soliton solutions @ @ 0] • Recently it has been 
found that fermionic field theories coupled to the Chern-Simons gauge field also admit 
vortex solutions [|J 0. In these models the fermionic fields are coupled to Chern-Simons 
gauge field without Maxwell term. In this note we present a fermion field theory coupled 
to Maxwell-Chern-Simons field which possesses interesting vortex solutions with binding 
energies. 

We consider a four-fermion model coupled to Maxwell-Chern-Simons theory that in- 
teracts electromagnetically in (2+1) dimensions as in Ref. 0. The four-fermion models in 
(2+1) dimensions are non-renormalizable in the weak coupling expansion, but is known to 
be renormalizable in -^ expansion J7|, TV being the number of flavours. 

We consider the model described by the Lagrangian 

C = -^F^F^ + ^PF^Ap + i^^d^-m^^ + eA^J^ + lG^ + y 2 ^ 11 ^) 2 , (1) 

where 

jv = ^ 7 ^ a , G^ = e^ v Pd u J p , 

index a denotes the fermion flavour running from 1 to N and k, I and g are coupling 
constants. Here, as in Ref. @, we introduce the topological current G^, associated with 
the electromagnetic current J p , which describes the induced charge and current density. 
We choose 7-matrices to be 

7 ° = a 3 , ^ = ta\ <y 2 = ia 2 . (2) 

The equations of motion are 

d v F v * + %^ vp F vp = -e(J» + IGP), (3) 



f 



(idn + eA^ a - mr + g 2 ^WVW ~ ele^^A^^ = 0. (4) 



b 
1 



We choose the gauge A = and consider the gauge field Ai to be static. By taking the 
fermion field ip in component form, ip a = y,t)e~ lEst , the equations of motion (^) can be 
written as the coupled equtions for ip+ and ifi® ; 

[E f -m + g 2 J2(\ ^+ I 2 - I V>- I 2 ) - ek^djAi]^ = D_^ a _ - it[{d x - id 2 )E f \^ a _, 

b 

[- Ef -m + g 2 J2(\ V'i I 2 - I V>- I 2 ) + eZe^c^]^ = D^\ - it[(d t + zd 2 )E f ]^ 



(5) 



where D± = D\ ± z.D2, Di = di — ieA{. If we let 



^ = ^Qe-^, (6) 



the equations of motion (|5|) reduce to 

(E f -m + g 2 p+ - e/e^ ^ Ai)^% = 0, 
D+^-it[(di-i^)%]^ = J 



(7) 



and if we take 



Eq.(Bf) becomes 



i " = >l(^)e- iE f\ (8) 



(9) 



(E f +m + g 2 p- - eleWdjAiWL = 0, 

D^ a _-it[{d 1 + id 2 )E f ]ij a _ = 0, 
where J± = p± = ^2 a \ ip^ \ 2 . The Eqs. (|7|) and (0) show that the fermion fields, ip+ and 
ip-, satisfy the self-duality conditions. 

From the form of the solutions (|6|) or (|8]) , we find 

r = i/; a 7 > a = 0, (10) 

which implies that the induced charge also vanishes; 



G° = e^dtJj = 0. (11) 



The magnetic fields, for each case of (Q) and (|8|) , then reduce to 

B+ = -F 12 = -p+ or B_ = -F 12 = - P - (12) 

K K, 

respectively. 

Written in (2+l)-dimentional notation the topological current takes the form 

G l = e ij0 djJ , (13) 

which is related to the induced current by, 

G\ nd = 1<V%J . (14) 

As discussed in Ref.||, this induced current comes from the magnetic dipole moment 
density, 

fft = ^Jqz = UoZ, (15) 

through the relation G i n d = V x fft. Here, the magnetic dipole moment is pz (z is a unit 
vector perpendicular to the plane in consideration), Q is a total charge, and Jq is a charge 
density. We note that the field equation (|3|) can then be written as 

d 3 F Jl = -ek^djJo. (16) 

By using Eqs. ([[2]) and (jl~6"D, we find the constant I to be / = — -. We thus find that there 
exists the magnetic dipole moment, // = — — , in the system. 

By using Eqs. (0) and (0), the Hamiltonian density TC reduces to 

H = \F 2 12 ± mp ± - \g 2 p\ + ^p 2 ± , (17) 

where the ± signs are for the solutions of the forms (|6|) and (§) , respectively. The total 
energy of the system can be written as 

E = J d\H = J d 2 r [\F* 2 ± mp ± - \g 2 p\ + ^p\] 

= Jd\[±mp ± + ^ + ^-g 2 )pl]. (18) 

= Jd 2 r[±mp ± -Ui+9 2 )pl}- 



The general solutions for the self-duality equation (|7|) and (|J) are well-knownQ. To 
solve the self-dual equations, we note that when ip± are decomposed into its phase and 
amplitude, 

^± = >/p±e to ±, (19) 



where i/j± = J2 a ip±, the self-dual equations (|7|) and (0) can be written as 

eVx A = ±Vx (Vw±)tVx (V£/)£ =F ±V 2 lnp ± . (20) 



From Eqs. ([12]) and ( |20| ) we obtain the equation for the charge density p±: 

V 2 \np ± = T^P±. (21) 

Eq.(^Tj) is the Liouville equation which is completely integrable. When we take the solution 
([jp, K > is required in order to have nonsingular positive charge density p+. If we take the 
solution (|8p, however, k < is required for the nonsingular charge density p_. That is, both 
solutions involve only one of the (2+1) dimensional spinor field components, depending on 
the sign of k. Therefore, the most general circularly symmetric nonsingular solutions to 
the Liouville equations involve two positive constants r± and J\f± H : 



p ± - ^fcr 4 + terr 2 - ^ 



where r± are scale parameters and the (+) sign is for the positive k and the (— ) sign for 
the negative k. To fix A/±, we observe that regularity at the origin, p± ^^ r 2N±-2 ^ an( j 
at infinity, p± r ^? r -2A/±-2^ re q U j re j\f ± > \ Especially, for single- valued tp±, J\f± must 
be a positive integer. The charge density p± are given by the time-component of J^ (here, 
G —0). By using Eq.(^J) the total charge is given by 

Q ± = |p ± rf 2 r = ±^>0, (23) 

which implies that the parameter A/± describes the total charge of the system. 



*=±^-[(^)( — 3e rr - )]■ (^) 



From the solution ( p2|) , the total energy of the system is shown to be 

2«A4 r/ e 2 , _ 2w 47r/, 2 AT|r(2-^)r(2 + ^) 

± 

The total energy (|24]) satisfies the relation 

E(Mi) + E(M 2 ) + ■■■ + E(Mi) > E(M) (25) 

where M = Mi + M2 + • • • + Mi ■ Unlike other Chern-Simons solitons, therefore, A/"-soliton 
solutions of this model ([D have binding energies. In other words, it is energetically more 
stable to become 7V-soliton than to be in a state of A^ separate single (M = 1) solitons. 

Because the vortex solutions in this theory are nontopological, their stability is not 
guaranteed automatically [SI. By using Eq.(|IUp and (^TJ), however, we see that the 
electromagnetic current J^ and the topological current G^ are conserved; 

d^J^ = and d^ = 0. (26) 

This implies that Q± and M± are conserved; i.e. 

Q±=M± = 0. (27) 

Thus the stability of the A/±-soliton solutions is guaranteed by the charge conservation 
laws of the system. 

We note that, in the limit I — > 0, g^O, e 2 ^oo and -^ — > 1, the Lagrangian ([J) 
reduces to that of Li and Bhaduri || . It is easy to show that the solutions and the tatal 
energy (|24] ) also reduce to that of Li and Bhaduri in this limit. We finally note that the 
four fermion interaction term does not affect the structure of the soliton solutions. In other 
words, the soliton solutions exist even in the limit g — > 0, for which case the total energy 
is given by (^4|) with g = 0. 
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